Recent work of Chen He has determined through GKM methods the Borel equivariant cohomology with rational coefficients of the isotropy action on a real Grassmannian and an oriented real Grassmannian through GKM methods. In this expository note, we propound a less involved approach, due essentially to Vitali Kapovitch, to computing equivariant cohomology rings HKpG{Hq for G, K, H connected Lie groups, and apply it to recover the equivariant cohomology of the Grassmannians. The bulk is setup and commentary; once one believes in the model, the proof itself is under a page.
In an attempt to unify the three parity cases, we let 0 ď α ď β ď 1 be natural numbers and replace the ℓ, m of the introduction respectively with 2n`α, 2k`β:
G :" SOp2n`2k`α`βq; K 0 :" SOp2n`αqˆSOp2k`βq; K :" S`Op2n`αqˆOp2k`βq˘.
Then G{K is even-dimensional unless α " β " 1. The objective rings HHpG{Hq are the cohomology of H G H :" EHˆH GˆH EH, the "two-sided" homotopy quotient, for H P tK, K 0 u. The projection rx, g, ys Þ ÝÑ pxK 0 , K 0 yq makes K 0 G K 0 a G-bundle over BK 0ˆB K 0 . Write p for the total Pontrjagin class of the BSOp2n`αq factor of the left BK 0 and e for its the Euler class if α " 0, and similarly p 1 and e 1 for the total Pontrjagin class and potential Euler class of the BSOp2k`βq factor of the left BK 0 . For the right BK 0 , symmetrically write π, ε, π 1 , ε 1 . These then pull back to classes in HK 0 pG{K 0 q which we notate by the same letters.
Faced with an inhomogeneous element like the total Pontrjagin class p, we make the abbreviation Qrps :" Qrp 1 , . . . , p n s, and similarly we denote by px´yq :" px j´yj q jě0 the ideal generated by the homogeneous components of x´y. We write ΛP for the free commutative graded algebra ( ) on a positively-graded rational vector space; it is the tensor product of an exterior algebra (on the odd-degree subspace) and a symmetric algebra (on the even degrees), but we default to the notation QrPs whenever all generators are of even degree. 
Theorem 1.2 (He, 2016). The Borel equivariant cohomology rings of the left action of the isotropy group
One can improve the coefficients a tad without complicating the statement. ď HT induced by the double covering BK 0 ÝÑ BK. For this, note the nonidentity component of K " S`Op2n`αqˆOp2k`βqc onsists of pairs of matrices ph, h 1 q with det h " det h 1 "´1, e.g., the pair with h and h 1 block diagonal of the form " 0 1 1 0 ‰ ' r1s '¨¨¨' r1s. Conjugating T n`k " T nˆTk by this ph, h 1 q inverts one coordinate circle per toral factor, so the induced action on H 2 T n`k -H 1 T n`k sends the generator t 1 to´t 1 in H 2 T n and the generator t n`1 to´t n`1 in H 2 T k , thus preserving the p ℓ but sending e Þ Ñ´e. Thus e " t 1¨¨¨tn and e 1 " t n`1¨¨¨tn`k are not invariant under the larger symmetry group, but ee 1 still is invariant if it was in the image of HK 0 to begin with, and the image of HK ã Ñ HK
Qrp, p 1 s otherwise. Definition 2.1. A pure Sullivan algebra pΛQ b ΛP, dq is a finitely-generated commutative differential graded algebra ( ) over the rationals, with ΛP an exterior algebra, ΛQ a symmetric algebra, and d a derivation of degree 1 such that dP ď ΛQ and dΛQ " 0.
Models
A pure Sullivan model of a space X is a map from a pure Sullivan algebra pΛQ b ΛP, dq to the algebra A PL pXq of polynomial differential forms on X. All we need to know about the latter algebra is that it is a Qquasi-isomorphic as a to the singular cochain algebra C˚pX; Qq. In what follows we will mostly refer to models in terms of their source algebras and take the maps to A PL pXq for granted. 
We will apply the theorem in the following situation. Note that G admits a natural "two-sided" action of G 2 given by pg, hq¨x " gxh´1. Let U ď G 2 be any closed, connected subgroup acting by the restriction of the two-sided action and consider the homotopy quotient G U ; note K 0 G K 0 , whose cohomology we aim to compute, is G U for U " K 2 0 . The associated Borel fibration
re, g, e 1 s Þ ÝÑ re, e 1 s, admits a G-bundle map to the bundle ∆ : BG " EGˆG EG ÝÑ BGˆBG, given on total spaces as re, g, e 1 s Þ ÝÑ reg, e 1 s " re, ge 1 s. The induced map BU ÝÑ BGˆBG downstairs is Bi, induced functorially by the inclusion i : U ã Ñ G. Then Theorem 2.2, applied to the map
will give us a model of G U once we have models for the maps BU ÝÑ BG 2 and BG ÝÑ BG 2 . The first observation is that by Hopf's theorem [Hop41, Satz I], the cohomology of G is a Hopf algebra, whose underlying algebra is the exterior algebra ΛP on the space of primitive elements P " PH˚G. Thus G admits a pure Sullivan model pΛP, 0q with trivial differential.
For the second observation, write ΣP for the suspension of P, the graded vector space defined by pΣPq n " P n´1 , and QHG " r 
and takes a primitive z P PH˚G to pρ˚b ρ˚qp1 b τz´τz b 1q, for ρ˚" ρK 0 . Specializing instead to the case H 0 " 1, we get back the Cartan algebra computing H˚pG{K 0 q, which we will discuss more in Section 4.
Proof
Equipped with Kapovitch's model pH 
For the odd-dimensional unoriented Grassmannian, note that by the previous case, the restriction of ρ˚to the subring Qrr p 1 , . . . , r p n`k sremains a flat ring extension, but r e " t 1¨¨¨tn`k`1 must be sent to zero because the maximal torus of K 0 has rank only n`k. Thus if η P H 2n`2k`1 G is the primitive that transgresses to r e, the tensor factor Λrηs splits off HK 
Proof. Since the particular actions we were interested in were equivariantly formal, the expressions above follow from Theorem 1.2 on modding out the homogeneous ideal pπ´1, π 1´1 , ε, ε 1 q. 
Here c " 1`c 1`¨¨¨`cn , c 1 , κ, κ 1 are total Chern classes,c " 1´c 1`¨¨¨`p´1 q n c n ,κ are the duals, p, etc., are symplectic Pontrjagin classes, and c 1 " 0 in HS Up3q . In all of these examples but the last two, the spaces are formal.
Culture
In this last section we provide some related results and cultural context. First, an alternate proof of Theorem 1.2 applies the following two results: But we emphasize that this alternate proof is specialized to the spaces in question, whereas the model applies in great generality. Beyond the fact that in both cases the action is equivariantly formal and in the even-dimensional case G and K 0 are of equal rank, Grassmannians are formal in the sense of rational homotopy theory (as all generalized symmetric spaces must be [Ter01, §4] Remark 4.4. Kapovitch himself applied his model to the case in which U acts freely and so yields an honest biquotient manifold G{U. If we apply this model to U " 1ˆK 0 for K 0 a closed, connected subgroup of G, this yields homogeneous spaces themselves, and in this instance, as noted in Section 2, the model specializes to the Cartan algebra described in the next remark. The Cartan algebra can be seen as a consequence of a more general result due to Chevalley, which given a model pΛV B , dq of the base of a principal bundle G Ñ E Ñ B produces a model pΛV B b H˚G, dq of the total space E. This is the same model produced from Theorem 2.2 when one lets f : B ÝÑ BG be the classifying map and models q : EG ÝÑ BG by the map pΛΣP, 0q ÝÑ pΛΣP b ΛP, τq resulting from Borel's theorem. In the special case of the bundle G Ñ G K 0 Ñ BK 0 , by Borel's theorem again we can model BK 0 by pHK 0 , 0q, so Chevalley's theorem returns the Cartan algebra.
The major protagonists in this chapter of the story leading to this computation of H˚pG{K 0 q are Leray, Chevalley, Cartan, Koszul, and Borel. 6 The main primary sources are the proceedings of the 1950 Brussels Colloque de topologie and Borel's thesis [Cen51, Bor53] . The main secondary sources are long survey papers by André and Rashevskii, and later the tomes of Greub et al. and Onishchik [And62, Ras69, GHV76, Oni94] . This material was important in the author's dissertation, which has gradually been evolving into a book on the topic, available online [Car] and awaiting critical feedback. (The material in Section 2 on homogeneous spaces is all developed in Ch. 8.) Remark 4.6. While the fastest way to obtain the Cartan algebra is in terms of rational homotopy theory, doing so is anachronistic. Out of general historical interest and the unbounded space afforded us by the arXiv, we summarize in this remark the original derivations of the Cartan model.
Cartan's original approach [Car51] does not directly use a model of BK to apply Chevalley's theorem to G Ñ G K Ñ BK because BK is not a manifold and H˚pBKq had not been calculated before this note. 7 Instead, he starts with an acyclic RWk " ΛΣk _ b Λk _ , the Weil algebra, where k _ is the dual to the Lie algebra of K, equipped with natural actions of k by inner multiplications ι ξ and the Lie derivative L ξ , and meant to serve as a model for EK. 8 Given a principal K-bundle K Ñ E π Ñ B he constructs the Weil model`ΛΣk _ b Λk _ b Ω ‚ pEq˘b as of HKpE; Rq -H˚pB; Rq; here the subscript denotes the basic subalgebra annihilated by all ι ξ and L ξ . The idea is that this should serve as a model for the base B, and indeed Cartan shows the natural inclusion of π˚ΩpBq -ΩpBq in the Weil model is a quasi-isomorphism. He then shows the Weil model is quasi-isomorphic to the Cartan model`ΛΣk _ b Ω ‚ pEq˘K; this in turn, when our principal bundle is K Ñ G Ñ G{K for G another compact, connected Lie group, is quasi-isomorphic to a with underlying algebra ΛΣk _ b H˚pGq. 9 This is the Cartan algebra from the preceding comment, derived from very different considerations. The claimed isomorphisms rely on the existence of principal connections, viewed as linear maps k _ ÝÑ Ω 1 pEq respecting both actions of k, and on the fact there exist Kinvariant representative forms for the classes on H˚pE; Rq.
The predecessor of the rational homotopy theory construction is due to Borel [Bor53, . It begins with a principal G-bundle G Ñ P Ñ B with G connected; we will eventually want this to be the bundle G Ñ G K Ñ BK for K a connected subgroup of G. One then needs to find models ApPq of P, B, and BG. There are several options:
• the algebra A PL of polynomial differential forms;
• the de Rham algebra Ω ‚ of smooth forms; this works for G K since it is a countable increasing union of smooth manifolds;
• the global sections F pPq of a fine sheaf F of connected Rs on P; such a sheaf exists so long as P is compact Hausdorff by topologically embedding P in some sphere S k and 6 There is a later chapter in the story of the cohomology of a homogeneous space, due to authors including Paul Baum, Peter May, Victor Gugenheim, Hans Munkholm, and Joel Wolf, which derives from the collapse of the Eilenberg-Moore spectral sequence of the bundle G{K 0 Ñ BK 0 Ñ BG at E 2 " Tor H˚pBG;kq`k , H˚pBK 0 ; kq˘, under certain conditions on the coefficient ring (which we passed to Q immediately to bypass) and which is correspondingly more subtle. Note that the cohomology of the Cartan algebra can be expressed as Tor HG pQ, HK 0 q since the Koszul complex pHG b H˚G, τq yields a resolution of Q as a HG-module. 7 There also seems to have been a desire to stay in the realm of manifolds, so that finite-dimensional truncations of Borel originally used the third model, which was the most general known at the time; the first is more and the second less. Once some commutative model has been selected, note the classifying map χ of the bundle G Ñ P π Ñ B induces a map to the Leray spectral sequence of π with coefficients in the constant sheaf over the regular field from that of the universal bundle G Ñ EG Ñ BG. Because nonzero differentials in spectral sequence of the universal bundle come only from transgressions τz of primitives of H˚G, the same holds for P Ñ B. Lifting these primitives and their transgressions to closed forms in ApPq, we can cobble together a differential subalgebra A 1 -ApBq b H˚G of ApPq with the already-existing differential on ApBq and dz " χ˚dz for dz some fixed lift to ApBGq of the transgressions τz P QH˚pBGq; it is to force A 1 to be a differential subalgebra that we needed commutativity on the nose. The degree filtration of ApBq induces a filtration of both A 1 and ApPq, so the inclusion of the one on in the other induces a map of filtration spectral sequences. By construction, this map is an isomorphism from E 2 -A 1 onward, so the inclusion is a quasi-isomorphism. But the filtration spectral sequence on ApPq agrees with the Leray spectral sequence of G Ñ P Ñ B from E 2 on, so A 1 is a model of P. 10 The existence of this model when B is a manifold is an unpublished result due to Chevalley [Kos51, p. 70][Bor53, p. 183] which Cartan also invokes in his derivation.
In the special case of G Ñ G K Ñ BK, because there is even a quasi-isomorphic injection pHK, 0q
ApBKq (this is a strong form of formality). one can replace A 1 with A 2 " HK b H˚G, where the differential vanishes on HK and sends z P PG to χ˚τz for some lift in HG of the transgression τz. This is again the Cartan algebra. Borel makes a generalization extracting a submodel ApBq b H˚F of ApEq, for a fiber bundle F Ñ E Ñ B, so long as H˚F is an exterior algebra on generators that transgress in the Serre spectral sequence. The map (2.1) and analysis showing PH˚G transgresses in the Serre spectral sequence of G Ñ BG Ñ BG 2 then gives us a model ApBUq b H˚G of G U as an instance of Borel's theorem. Replacing ApBUq with pHŮ, 0q then returns Kapovitch's model.
